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Introduction
In recent years quality by design has become the leading paradigm in pharmaceuticals manufacturing, with the goal to improve product quality and make processes more efficient and cost-effective. This is particularly true for the freeze-drying process, a key step in many biologicals and biopharmaceuticals manufacturing processes as it allows recovering the active pharmaceutical ingredient from a solution at low temperature and in sterile conditions. As a consequence, freeze-drying is used in case of temperature sensitive products. [1] [2] [3] [4] [5] A great deal of work has been done to optimize in-line [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , or off-line [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , the primary drying step, where the ice sublimation occurs, and valuable methods have been proposed and validated to preserve product quality, beside speeding up the process.
As not all of the water freezes during the freezing stage, but a certain amount remains bound to the product, a further step is required to achieve the target value of the residual moisture in the final product. During the secondary drying step, the desorption of the bound water takes place.
The typical procedure consists of rising the shelf temperature up to a value that does not jeopardize product properties, and maintaining the product at the selected temperature for several hours. Generally, shelf temperature is set equal to 25°C or higher values, which is generally higher than the value used during primary drying. [27] A very low value of chamber pressure is generally used to carry out the secondary drying, even if there are no evidences in the Literature that this could provide any advantage when pharmaceuticals are processed.
Moreover, a very low value of chamber pressure can cause the transfer of volatile stopper components to the product. [28] In the phase of recipe design various samples can be periodically taken from the drying chamber (e.g. with a "sample thief") with the goal to measure off-line their moisture content, by means of Karl Fischer titration, gravimetric analysis [6] , or NIR spectroscopy [29] . By this way it is possible to determine when the target value of residual moisture is obtained and, thus, the duration of the secondary drying phase.
Few rationalization attempts were carried out in the past. Pikal et al. [30] proposed simple heuristics for the selection of the heating shelf temperature and of the drying duration in case of crystalline and non-crystalline formulations: in the first case secondary drying is initially carried out at 40°C, and then the temperature of the heating shelf is increased to 50°C, while in the second case shelf temperature should be kept constant (and equal to 40°C) for a time interval that depends on the solid concentration. The shelf temperature can then be modified on the basis of the value of residual moisture, in case this value is measured (or estimated), and simple heuristics are given to this purpose. This method can be really useful to set the operating conditions of the secondary drying phase as it does not require any information about the product, but the recipe is evidently far from being optimized, and it is not possible to control the moisture content in the final product.
Mayeresse [31] proposed a simple non-linear equation, based on a suitable design-ofexperiment, that allows to predict the final moisture as a function of process parameters (shelf temperature and time) for a specific product with a specific product concentration. Despite the fact that this type of statistical modeling can be worthwhile to determine the operating conditions for the desired final moisture level, the method requires a huge amount of experiments, the results are product dependent, and it is not possible to extrapolate data outside the tested values.
In this paper a simple mathematical model is proposed to describe the effect of the operating variables on the state of the product, i.e. on the temperature and residual moisture.
The structure of the paper is the following: at first model equations are presented, as well as model parameters and the techniques that could be used to determine their values experimentally. Then, it is described the procedure used to calculate the design space for the secondary drying, i.e. to identify those operating conditions that allow to fulfill product quality requirements. Finally, the possibility of using mathematical modeling to identify the "best" operating conditions, i.e. to minimize the duration of the secondary drying, is addressed.
Methods and Materials

Process model
A simple lumped model can be used to describe the evolution of the product temperature and of the amount of residual moisture vs. time during secondary drying. Both radial and axial gradients of temperature and concentration are assumed to be negligible and, thus, the energy balance for the product contained in the vial is given by the following equation:
where T fluid is the temperature of the fluid that circulates in the shelves of the freeze-dryer, and the mass balance is simply given by the following equation:
where r d is the water desorption rate per unit of mass.
Model equations can be solved in case other two parameters, that can be easily determined by means of few experiments, are known, beside some physico-chemical parameters, namely;
i. the overall heat transfer coefficient from the heating shelf to the product in the container
ii. the kinetic parameters used to model the dependence of the water desorption rate on the residual moisture concentration and on the temperature of the product
The parameter K v is an effective heat transfer coefficient that takes into account all the heat transfer mechanisms to the product, namely [19, 21, 32, 33] :
i. conduction in the contact points between the shelf (or the tray, in case it is used to load the vials in the freeze-dryer) and the vial;
ii. conduction in the gas contained in the gap between the vial bottom and the shelf (or tray);
iii. radiation from the shelf and from chamber walls (in the case the vial is placed at the edges of the shelf, in front of chamber walls);
iv. conduction from the metal frame that is sometimes used to load vials onto the shelves.
The value of K v is dependent on chamber pressure, and it can be described by the following equation:
The coefficients C 1 , C 2 and C 3 depends on the vial-dryer system and on the position of the vial on the shelves.
The kinetics of water removal (from an amorphous solid) is dependent on:
i. molecular diffusion of water in the glassy solid from the interior of a particle to the surface;
ii. evaporation at the solid-vapor interface;
iii. water vapor transport through the porous dried cake;
iv. water vapor transport from the headspace in the vial to the condenser.
Extensive investigations carried out by Pikal et al. [27] with crystalline (mannitol) and amorphous (moxalactam di-sodium and povidone) products evidenced that the vapor transport in the dried cake is generally not the limiting factor. In fact, there is no significant effect of dried cake thickness on drying rate, and there is almost no effect of chamber pressure on drying rate, while a higher drying rate is observed in case the specific surface area is increased. As neither the apparatus, nor the pore systems of the dried cake appear to be rate limiting for secondary drying, it is assumed that the rate-determining step is water desorption from the solid.
Various equations were proposed in the past to model the dependence of r d on residual moisture, assuming that the desorption rate is proportional either to residual moisture:
or to the difference between residual moisture and the equilibrium value:
where a is the specific surface of the product. [34, 35] Even if either diffusion in the solid matrix or desorption from solid surface could be the controlling mechanism [27] , and this can be affected by the physical state of the product (crystalline or amorphous), equations (4) and (5) can be used in any case to describe the phenomenon, even if the parameter k d assumes a slightly different physical meaning. Equation (4) will be used in the following as it is much simpler (and it does not require to know the values of C s,eq ), and it has been demonstrated to describe adequately the process [18] . In any case, the adequacy of such hypothesis can be easily tested by means of few experiments, and a different model can be used to account for the dependence of the desorption rate on residual moisture instead of equation (4) ..
The kinetic constant k d is dependent on product temperature according to an Arrheniustype equation:
Also this hypothesis can be easily tested experimentally. The effect of chamber pressure on drying kinetics, according to previous papers (see Refs. [27] , [36] ) is assumed to be negligible, at least in the range 0-20 Pa (higher values of chamber pressure are generally avoided as they can make the vapor flow through the pore structure the rate limiting step, thus causing a significant decrease of the drying rate).
Determination of model parameters
The overall heat transfer coefficient can be determined experimentally by means of various methods:
i. Gravimetric test: a batch of vials, filled with water (or with the solution containing the active pharmaceutical ingredient) is frozen and, then, ice sublimates for a time interval (∆t), thus causing a weight loss (∆m) that has to be measured in each vial using an analytical balance. The temperature of the ice at the vial bottom (T B ) has also to be measured, and the coefficient K v is calculated by means of the following equation:
ii. The Tunable Diode Laser Absorption Spectroscopy can be used to determine the sublimation flux J w and, if T B is also measured, equation (7) can be used to calculate
[ [37] [38] [39] iii. The pressure rise test (PRT) can be used to determine K v : the valve in the duct between the drying chamber and the condenser is closed for few seconds, and various parameters (e.g. K v ) are retrieved looking for the best fit between the calculated and the measured values of pressure rise. [40] [41] [42] [43] [44] While methods (ii) and (iii) gives a "mean", or effective, value of K v for all the vials of the batch, the gravimetric test allows to take into account the non-uniformity of the batch and, thus, it will be used in this study. The test has to be carried out at the same value of chamber pressure used in the secondary drying phase; in case chamber pressure is modified during secondary drying, the parameters appearing in equation (3) have to be determined and, thus, at least three different tests, each of them carried out at a different value of chamber pressure, are required, looking for the best fit between the measured and the calculated values of K v .
With respect to the kinetic constant of the desorption reaction, the soft-sensor recently proposed by the authors has been used. [45, 46] It is based on the measurement of the desorption rate from the curve of pressure rise during the PRT:
and on a mathematical model describing the water desorption from the product (equations (2) and (4)). The value of the residual moisture in the product at the beginning of secondary drying (C s,0 ) and of the kinetic constant k d are obtained looking for the best fit between the measured and the calculated values of desorption rate.
Off-line recipe design and optimization
The design space can be defined as the set of operating conditions (temperature of the heating fluid and duration of the secondary drying) that allows to get the target value of residual moisture in the product, taking into account the maximum temperature allowed by the product. This requires to know how the glass transition temperature changes as a function of the residual moisture content in the product. In case of sucrose solutions a simplified version of the Gordon-Taylor equation proposed by Hancock and Zografi [47] can be used: ii. Calculation of the maximum allowed value of product temperature as a function of the residual moisture content (using eq. (9)).
iii. Selection of the value of C s,0 .
iv. Calculation of the evolution of T p and C s , using the model of the process, for the i- Using the design space it is thus possible to optimize the secondary drying by selecting the value of T fluid that allows minimizing t d .
The process can be further optimized by looking for a much more "aggressive" control policy, using different set-points for the fluid temperature during secondary drying, in such a way that product temperature is always close to the limit value as drying goes on (and the limit temperature increases). Examples of such calculations will be shown in the following section.
Case study and experimental methods
The case study used to test the proposed methodology for design space calculation and recipe optimization is the drying of 5% w/w aqueous solutions of sucrose (Riedel de Haën, highest analytical grade). Solutions were prepared using ultra-pure water (Milli-Q RG, Millipore, gauges. The pressure in the drying chamber is regulated by bleeding of inert gas. The end of primary drying is estimated using the ratio of Pirani and Baratron sensors. [48, 49] Product temperature at the bottom of the vials is measured using T-type miniature thermocouples (Tersid, Milano, Italy).
In the tests used to determine the parameter K v , each vial of the batch was filled with 2 mL of ultra-pure water, and ice sublimation was carried out for 6 h. The set point for the heating fluid temperature was equal to -15°C, and three different tests were carried out, being chamber pressure equal to 5, 15, and 25 Pa respectively, in order to determine the parameters of eq. (3) using the procedure described in the previous section.
In the runs used to determine the kinetic model of the desorption reaction, and the dependence of the kinetic constant on product temperature, as well as in the tests carried out for model validation purposes, the desorption flux was measured using the PRT, while the residual moisture in some vials extracted from the drying chamber using a sample thief was measured by Karl Fischer titration (using a Compact Karl Fischer Coulometer, by Mettler Toledo, Columbia, OH, USA). In these tests primary drying was carried out at 5 Pa, and the set-point temperature for the heating fluid was equal to -10°C, while secondary drying was carried out using different set-points for T fluid (in different runs) in order to evaluate the dependence of k d on T p , while the pressure in the drying chamber was about 5 Pa.
Results and discussion
In order to use the mathematical model (equations (1)- (2)) for calculating the design space and optimizing secondary drying it is firstly necessary to determine the parameters of the model, namely K v and k d . The overall heat transfer coefficient has been determined according to the procedure described in the previous section. Results obtained when P c = 5 Pa are shown in Figure 1 . It appears that the value of K v is not the same for all the vials of the batch as this parameter is, actually, an effective coefficient, that takes into account all the heat transfer mechanisms to the product. Thus, in case the product in the vials is heated only by the shelf, as in the vials in the centre of the batch, the value of K v is lower than that obtained from vials at the edges of the shelf, where the product is heated also by radiation from chamber walls, and by conduction from the metal frame used to load-unload the vials. With this respect we identified 4 groups of vials, characterized by a different position over the shelf, and by different additional heat transfer mechanisms (Table 1) . This test was then repeated for other two values of chamber pressure, and, finally, the values of C 1 , C 2 , and C 3 required to model the dependence of K v on P c were calculated. Results are given in Table 1 for the 4 groups of vials (it can be highlighted that only the value of C 1 changes according to the group of vials, while the parameters C 2 , and C 3 have the same values for all the vials, as the latter express the dependence of the parameter on chamber pressure, that is evidently the same for all the vials, independently on their position over the shelf, while the former express the contribution of conduction and radiation to heat transfer).
With respect to the kinetic constant k d we need firstly to verify the hypothesis of linear dependence of the desorption rate on the residual moisture (eq. (4)) and of Arrhenius-type dependence of k d on product temperature (eq. (6)). Three tests have been carried out with different set-point of the heating fluid temperature: in the first part of the secondary drying the temperature of the heating shelf rises from the value used during primary drying (-10°C) to the target value, and then it remains constant. The desorption rate is measured using the test of pressure rise and the results are shown in Figure 2 . The soft-sensor designed by the authors to monitor secondary drying [45, 46] is then used to determine k d . Once the model of the process has been validated, it can be used to calculate the design
space. An example of this calculation is shown in Figure 5 (graph A) for the vials of group 4,
i.e. those in the central position over the shelf. In this case the maximum fluid temperature is assumed to be equal to 40°C and, for a target value of residual moisture (e.g. 2%) the design space is coincident with the area of the diagram below the solid line. Dashed line corresponds to operating conditions for which the limit value of product temperature is trespassed and, thus, they do not belong to the design space. In case the target value of residual moisture ranges between two values, e.g. 1 and 2%, then the design space corresponds to the area comprised between the two curves that are the boundaries of the design spaces calculated for C s,t = 1% and 2% respectively ( Figure 5, graph B) .
It has to be highlighted that in order to calculate the design space we need to know the value of C s,0 , i.e. of the residual moisture in the product at the end of primary drying (i.e. at the beginning of secondary drying). Actually, a large non-uniformity can exist among the vials of the batch with respect to this value, as it can be seen from Beside the value of C s,0 , also the overall heat transfer coefficient K v is not the same for all the vials of the batch as it depends on the position of the vial over the shelf. It is again very easy to calculate the design space for different values of K v : an example of these calculations is shown in Figure 7 (graph B) , where it appears that the parameter K v has a poor influence on the design space.
Using the design spaces shown in Figures 5 and 7 it is possible to optimize the secondary drying by selecting the value of fluid temperature that minimizes the duration of the desorption step, taking into account the constraint on maximum product temperature. A further optimization can be carried out using various set-points for the fluid temperature during secondary drying, in such a way that product temperature is always as close as possible to the limit value. In fact, as drying goes on, and the residual moisture concentration decreases, the limit temperature increases. Figure 8 shows an example of this calculation: in this case the temperature of the heating fluid has been modified every hour, and the new setpoint value was set to 1 K below the limit product temperature (calculated for the value of the residual moisture at that time). Figure 8 (graph A) shows how the limit temperature increases with time: product temperature, that remains (obviously) below the temperature of the heating fluid, never trespasses the limit value. The evolutions of the desorption rate and of the residual moisture are shown in graphs B and C respectively.
It is evidently possible to use different heating strategies: Figure 9 compares the results obtained when fluid temperature is maintained constant, when it is changed after eight hours, and when it is changed every hour. Evidently, in case the heating policy is much more "aggressive", the drying time can be significantly reduced: for the case study shown in Figure   9 , in case C s,t = 2% the duration of secondary drying changes from 16 h in case of constant T fluid,sp , to 7.35 h in case the set point of fluid temperature is modified every hour.
Conclusions
Secondary drying is an important step in all freeze-drying processes; nevertheless, the operating conditions for a certain product are generally set by trial and error, or in analogy with those used for other products. As a result the process is not optimized, and the duration can be as long as that of the primary drying phase. This arises also from the lack of knowledge about the process, due to the difficulty of measuring the evolution of the residual moisture in the product without extracting vials from the chamber.
The availability of a new soft-sensor providing reliable estimations of the residual moisture content in the product during secondary drying allows to set up a true quality by design framework. A simple mathematical model of the process has been shown to be useful to calculate the design space of the process, as well as to minimize its duration beside fulfilling the constraint on maximum product temperature, and obtaining the target value of residual moisture. Moreover, the proposed method can be used both in small-scale and in industrial-scale freeze-dryers, with a really small experimental (and computational) effort. Tables   Table 1. Characteristics of the various groups of vials considered in the experimental case study and values of the parameter C 1 used to model the dependence of Example of recipe optimization for the secondary drying step.
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Graph A: evolution of the set-point of the fluid temperature (dashed line), of product temperature (solid line), and of the limit product temperature (dotted line)
vs. time.
Graph B: evolution of desorption rate vs. time.
Graph C: evolution of residual moisture vs. time.
Figure 9.
Comparison between the evolutions of product temperature (graph B) and residual moisture (graph C) for different heating strategies (graph A). The dash-dotted line in graph C indicates the target value for the residual moisture. 
